Symplectic Homogenization 



Claude Viterbo 
Centre de Mathematiques Laurent Schwartz. 

UMR 7640 du CNRS 
Ecole Polytechnique - 91128 Palaiseau, France 
viterboOmath.polytechnique . f r * 

February 2, 2008 

Abstract 

Let H{q,p) be a Hamiltonian on T*T'^. We show that the se- 
quence H].{q^p) = H{kq,p) converges for the 7 topology defined by 
the author, to H{p). This is extended to the case where only some 
of the variables are homogenized, that is the sequence H{kx,y,q,p) 
where the limit is of the type H{y,q,p) and thus yields an "effective 
Hamiltonian" . We give here the proof of the convergence, and the first 
properties of the homogenization operator, and give some immediate 
consequences for solutions of Hamilton-Jacobi equations, construction 
of quasi-states, etc.... 

We also prove that the function H coincides with Mather's a function 
defined in [Maj which gives a new proof of its symplectic invariance 
proved by P. Bernard [Bern 2| . 
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1 Introduction 

The aim of this paper is to define the notion of homogenization for a Hamil- 
tonian diffeomorphism of T*T". In other words, given H{t,q,p) defined for 
{q,p) in T*T"', t in M, 1-periodic in t we shall study whether the sequence Hk 
defined by Hk(t, q,p) = H{kt, kq,p) converges for the symplectic metric 7 de- 
fined in |Vlj to some Hamiltonian H, necessarily of the form H{q,p) = h{p). 

This convergence of to H should be understood as the convergence 
of the time one fiows of H^, ^p\. to the time one fiow of H, '^^-again for the 
symplectic metric 7. This metric is necessarily rather weak, since for example 
there cannot be any C° convergence for the fiows. 

However such convergence implies convergence of the variational solution 
(see |0-Vj for the definition) of Hamilton- Jacobi equations. 



(HJ) 



«(0,g) = /(g) . 
to the variational solutions of 



^^u{t,q) + H{k-t,k-q,f^u{t,x)) = Q 



{HJ) 



§-^u{t,q) + H{t,q, A.u{t,x)) = 



u{0,q) = f{q) 



It is important to notice that none of these convergences implies any kind 
of pointwise or almost everywhere convergence (however convergence of 
the fiows implies 7-convergence as we proved in |Vlj . we refer to Humiliere's 
work in [Huj for stronger statements), but rather to some variational notions 
of convergence, like F-convergence (see |de Gj . |Dal M] ). This or similar 
notions are used in homogenization theory, the theory of viscosity solutions 
for Hamilton- Jacobi equations (see |L-P-Vj ). or the rescaling of metrics on 
T" (see Ell). 



All the above-mentioned papers can be considered as anticipating the 
theory of "symplectic homogenization" that is presented here. We believe 
some of the advantages of this unified treatment are 

(1) the disposal of any convexity or even coercivity (as in j L-P- V] ) assump- 
tion on H in the p direction, usually needed to define H because of the 
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use of minimization techniques for the Lagrangian. In fact our homog- 
enization is defined on compact supported objects, and then showed to 
extend to a number of non compact supported situations. 

(2) the natural extension of homogenization to cases where H has very 
httle regularity (less than continuity is needed). 

(3) a well defined and common definition of the convergence of to H or 
yjfc to Tp that applies to flows, Hamilton- Jacobi equations, etc. 

(4) The symplectic invariance of the homogenized Hamiltonian extends 
the invariance results defined for example in [Bern I j for Mather's a 
function, making his constructions slightly less mysterious. 



(5) geometric properties of the function H (see proposition [2121 (5) ). yield- 
ing computational methods extending those obtained in the one-dimensional 
case in |L-P-V] or in other cases (see for example jConc] ) . 

This paper will address these fundamental questions, some other appli- 
cations will be dealt with in subsequent papers. 
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2 A crash course on generating function met- 
ric 



This section is devoted to defining the metric 7 for which we shall later 
prove that the sequence Hk{q,p) = H{kq,p) is convergent. The reader may 
well skip this section and jump directly to section [HI possibly returning here 
for reference. 

Let M be an n-dimensional closed manifold, L be a Lagrangian subman- 
ifold in T*M Hamiltonianly isotopic to the zero section Om (i-e. there is a 
Hamiltonian isotopy (pt such that ^PiIOm) = L). 

Definition 2.1. The smooth function S" : M x ^ M is a generating 
function quadratic at infinity for L if 

i) there is a non degenerate quadratic form q on such that 

\V^S{q;0-'^B{0\<C 

ii) the map 

has zero as a regular value 

iii) by i) and ii), Eg = I ff(5';0 = 0} is a compact submanifold in 
M X M^. The map 

has image is{^s) = L. 

Remarks 2.2. (1) In this paper, we shall always use a semicolon to separate 
the "base variables" q from the "fibre variables", ^. 

(2) We still speak of generating function when there are no fibre variables. 
In this case, L is the graph of the differential dS{q). 

(3) In the sequel we shall abbreviate "generating function quadratic at 
infinity" by "G.F.Q.I.". 

Now when L is Hamiltonianly isotopic to the zero section, we know ac- 
cording to |Vlj (prop 1.5, page 688) that the generating function is unique up 
to some elementary operations (see |Vlj . loc.cit.). Moreover, an elementary 
computation shows that denoting by 5"^ the set 

{(g;0GMxM^|5(g;0<A} 
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we have for C large enough that 



H*{S', S'^) ^ H*{M) ® H*{D-, dD-) 



where D~ is the unit disc of the negative eigenspace of B. Therefore, to each 
cohomology class a in H*{M) — {0} we may associate the image of a (S>T (T 
is a chosen generator of H*{D^ ,dD^) ^ Z), and by minmax a critical level 
c{a,S) (see [Vl] section 2, p.690-693). 

Definition 2.3. Let L be Hamiltonianly isotopic to the zero section. We set 



Remark 2.4. 1) Note that we may always add a constant to S. This shifts 
c_(L) and c_|_(L) by the same constant, so that, unless we normalized in 
some way S, c_{L),c^{L) are not well defined, but their difference 'j{L) is 
well-defined. However, if we specify the Hamiltonian H yielding the isotopy 
between the zero section and L, we may normalize 5" by requiring that its 
critical values coincide with the actions 



where {q(t),p(t)) = (y9*(g(0),0) satisfies = 0. 

Thus c±{H) is well defined. Since if ip^ is generated by some compact 
supported Hamiltonian, such a Hamiltonian is unique, we may define c±{ip) 
for ip e nD,{T*T'') 

2) We shall sometimes deal with the case M = M". Then we need 
quadraticity of S both in the ^ and x variable, so that 

i) in Definition 12.11 should be replaced by 

i') there exists a quadratic form q{x,^) on M x R'^(= R"' x M'^) such that 



The map 7 is well defined on the set C of Lagrangian submanifolds Hamilto- 
nianly isotopic to the zero section, where the Hamiltonian is assumed to be 
compact supported. 

According to [VlJ, the metric 7 defines a metric on C by setting 



Definition 2.5. 7(L,L') = c{fi, SeS')-c{l, SeS') where {SeS'){q]^,C) = 
S{q;0-Siq;e)- 



7W 



c{n,S) fieH'\M)\{0} 
= cin, S) - c{l, S) 




|V%;0-Vi?(g;OI<C. 
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That this is indeed a metric is a consequence of Lusternik-Shnirelman's 
theory, as we proved in |Vlj . 

Our goal however is to define a metric on nc{T*M) = C^{[0, 1] xT*r", M) 
the set of compact supported, time dependent Hamiltonian isotopies of T*M, 
and on T-CVc{T*M) the group of time one maps of Hamiltonians in T-Cc{T*M). 
In general, we may set 

Definition 2.6. We set 

^iip) = snpMipiL),L)\LeC} . 

Remark 2.7. For M = T", the graph of ip , 

T{^) = {{z,^{z))\zeT*T^} 

is a Lagrangian submanifold of T*T^ x T*T^ (where T*M is T*M with the 
symplectic form of opposite sign : —dp A dq). 

But T*T^ X T*T^ is covered by T* {At*t") where At*t" is the diagonal, 
and we may lift T{(f) to T{(p), which is now a Lagrangian submanifold in 

T* (^Aj'i'ipn ) . 

When ip has compact support, we may compactify both T{ip) and A^.^n 
and we get a Lagrangian submanifold T{if ) in T*{S" x T"). We then defined 
in [Yl] (page 679) 

7(v?) = c(/iT" ® r(v2)) - c(i (g) 1, r(v9)) . 

We proved in |V3] that 'y{(p) < ^{'■p)- 

Proposition 2.8. (see W^ ) 

The map 7 defines a bi-invariant metric on 1-CD(.{T*M) since 
i) it is nondegenerate 'y{(p) = <^=^ ip = id 

a) it is invariant by conjugation ^{%l)ip>%l)~^) = ^{(p) for anyip inT-[T>c{T*M). 
Hi) it satisfies the triangle inequality 

for any ip.ilj in HVciT*M). 

The above properties also hold for 7 instead of^ when M = T^. 
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Let A = pdq be the Liouville form on T*M. A vector field Z is called 
a Liouville vector field, if Z = Zx + Xh where Xh is Hamiltonian, while 
izx^ = A (hence izuj = A + dH). In particular Z is conformal (i.e. the flow 
ipt of Z satisfies ip^u = e*uo) and we have 

(1) -i{^lJt^^-^) = e'^iifi) . 

In the set T[c(T*M) the metric 7 is defined as follows 
Definition 2.9. Let if be a Hamiltonian, with flow We denote by 

7(ff) = sup{7(^*)|te[0,l]} 

and similarly 

7(i^) = sup{7(^*)|tG[0,l]} 
Finally we state some convergence criterion for the 7 metric. 

Proposition 2.10. Let M = W or T". 

1 ) Assume the sequence H^. of Hamiltonians on T*M with fixed support 
converges to H . Then H^. converges for the 7 metric to H . 

2) There is a constant C such that if ip is supported in Wr = {{q,p) G 
T*M I \p\ < R} and for any z in T*M d{z, ip{z)) < e, we have 

7((^) < CeR 

Proof. Part 1) is proved as in [Vlj Proposition 4.6 (page 699). 

As for part 2), we may follow the some pattern as in the proof of propo- 
sition 4.15 (loc.cit. page 703), provided we prove that there is a small 
Hamiltonian supported in W2R such that its time one map, satisfies 

d{z,^{z)) >e yzeWR. 

Given H without critical point in Wr, and small, it is well known that 
ip^ has no periodic orbit of period less than 1, hence d{z,il^{z)) is bounded 
from below by some Eq > 0. This concludes our proof. □ 

We may therefore define, as Humiliere did in [Huj . the completion Ti. {T*M) 
of T-Cc{T*M) for 7. By the above proposition we deduce that a C°-converging 
sequence of Hamiltonians will be a Cauchy sequence for 7, hence defines an 
element in H {T*M). We thus get 

Proposition 2.11. There is an inclusion map 

C0([0,1] X T*M,M) ^ H{T*M) 
Similarly ifTCVo(T*M) is the C° closure ofl-LVc{T*M) we have an inclusion 

nVa{T*M) nb{T*M) 
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2.1 Variational solutions of Hamilton- Jacobi equations 



Let us consider the symplectic covering of T*T^ x T*T" by T*{T^ x M") given 
by 

{q,p,Q,P)^{Q,p,p-P,Q-q) 

Let be the Hamiltonian flow of H{q,p). Then, the graph of has 
image r((^*). Let St{q,P,^) be a generating function for r(y9*). We denote 
by c(l(g) /U, Sf) the number c{^, St^q) where St^q{P,^) = S{q,P,C,). Then 
Ut{q, P) = c(l(g) ® l(-P), is a variational solution of 

r |tx,(g,P) + /J(g,P+|w,(g)) = 
\ Mo(g,P)=0 

We refer to |U-Vj and |C-Vj for more informations on variational solu- 
tions. 

3 Statement of the main results 

3.1 Standard homogenization. 

Let H[t,q,p) be a Hamiltonian on T*T"', 1-periodic in t, and compact 
supported 

Theorem 3.1 (Main theorem). 

Let H{t,q,p) be a Hamiltonian on the torus T". Then the following 
holds: 

(1) The sequence Hk{t, q,p) = H{kt, kq,p) •y-converges to H{t, q,p) = h{p), 
where h is continuous. 

(2) The function H only depends on ip^ , the time one map associated to H 
(i.e. it does not depends on the isotopy {(p^)te[o,i]). 

(3) The map 

A : C\[0, 1] X T*T"\ R) ^ C°(M", M) 

given by A{H) = H extends to a nonlinear projector (i.e. it satisfies 
A? = A) with Lipschitz constant 1 

A : n{T*T'') C°(M",M) 
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where the metric on Ti is given by 7 and the metric on (^^(IR^jM) is 
the C° metric. 

The next theorem states some properties of the map A 

Theorem 3.2 (Main properties of symplectic homogenization) . 

Let A be the map defined in the above theorem. Then it satisfies the 
following properties: 

(1) The map A is monotone, i.e. if Hi < H2 then A{Hi) < A{H2). 

(2) The map A is invariant by Hamiltonian symplectomorphism: 
A{H o ^) = A{H) for all ^ G nV{T*T'^) 

(3) We have A{-H) = -A{H). 

(4) The map A extends to characteristic functions of subsets, hence in- 
duces a map (still denoted by A) between the set of subsets of T*T^ , 
P(T*T"), to the set of subsets ofW, P(M"). This map is bounded by 
the symplectic shape of Sikorav (see ]Be\ \Sih. \E^ ). i.e. 

shapeiU) C A{U) 



(5) If L is a Lagrangian Hamiltonianly isotopic to Lp^ = {{q,po) G T*T'^ } 
and H{L) > h (resp. < h) we have A{H){pq) > h (resp. <h). 



(6) We have 



hm —c+{(p^) = sup H{p) 
fc^oo k 



hm yC_{(p'') = inf H{p) 



(7) Given any measure n on M" the map 

C{H) = [ A{H){p)d^i{p) 



is a symplectic quasi-state ( cf. JE-P^ for the definition and proper- 
ties of this notion, based on earlier work by lAames^ ). In particular we 
have A{H + K) = A{II)-\-A{K) whenever H and K Poisson-commute 
(i.e. {H,K} = 0). 



Remarks 3.3. • In (1) the assumption could be replaced by the property 



that Hi :< if 2 in the sense of |V1] . 
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As a result of (5) if m is a smooth subsolution of the stationary Hamihon- 
Jacobi equation, that is H{x,p+du{x)) < h then H{p) < h. Similarly if 
M is a smooth supersolution, that is H{q,p + du{q)) > h then H{p) > h. 



From (5), we get the following statement: let 



= {pq G I 3L Hamiltonianly isotopic to Lp^, H{L) > c} 



E~ = {pq G M" I 3L Hamiltonianly isotopic to Lp^, H{L) < c} 
As a result, if p G (1 E^ , we have H{p) = c. 
3.2 Partial Homogenization 

We here consider the case where the Hamiltonian is defined on T*T^ x M, 
where M is some symplectic manifold. We shall only consider here the case 
where M = T*T"^, but the general case can be easily adapted. 

Theorem 3.4 (Main theorem, partial homogenization case). Let H{x, y, q, p) 
be a Hamiltonian on T*T"'~^"^. Then 

(1) The sequence 

Hk{x,y,q,p) = H{kx,y,q,p) 
■y-converges to H{y,q,p) 

(2) The map 

A : C2([0, 1] X T*T"+'",R) ^ C°(M" x T*T'",M) 

given by Ax{H) = H extends to a projector (i.e. it satisfies Al = Ax) 
with Lipschitz constant 1 

Ax ■■ n (r*T"+'") n {w x T*r'") 

where the metric on Ti is 'j. 

(3) If H(^y.p){x,y) = H{x,y,q,p), we have 

AxiH){y,q,p)=A{H^g,p))iy) 
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Remark 3.5. (1) The Hamiltonian H{y,q,p) is called the effective Hamil- 
tonian. In case it is smooth, its ffow is given by ^{xQ,yo,qo,po) = 
{x{t),yit),qit),p{t)) 

OH dH 

m = -^{yo,q{t),p{t)), p{t) = —^{yo,q{t),p{t)) 

(2) It is not true anymore that H depends only on the time one map of H. 
It however only depends on the family of time one maps of H(^q^py 



(3) More generally, using (3) , we may translate in our situation the prop- 
erties of A stated in the first proposition. The projector Ax is not in- 
variant by symplectic maps. It is however invariant by fiber-preserving 
hamiltonian symplectic maps: ii = ifji x il)2. in other words 

Ax{H o ^){y^ q,p) = AxiH){y,i;2{q,p)) 



3.3 Homogenized Hamilton-Jacobi equations 

Our theorem has some interesting applications to generalized solutions of 
evolution Hamilton-Jacobi equations 



(HJ) 



§-^u{t,q) + H{t,q,£u{t,x)) = Q 



u{0,q)=f{q) 



where t G M, g G T". 

Smooth solutions to such equations are only defined for t less than some 
To : solutions exhibit shocks, that is |m|ci([o,t]xT",r) blows up as T goes to 
To. 

There are essentially two types of generalized solutions for such equations : 
viscosity solutions (cf. |C-Lj ) and variational solutions (cf. |0- Vj ) . These 
two solutions do not coincide in general, with one notable exception: when 
the Hamiltonian is convex in p. 

From [L-P-Vj it follows that if H is convex in p, and Uk is the solution of 



§-^Uk{t, q) + H{kt, kq, £uk{t, q)) = 



Uk{0,q) = f{q) 
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the sequence {uk)k>i converges to u, the solution of 

9.u(t,q) + H{^u{t,q)) = 



(HJ) 



u{0,q) = f{q) 



Our theorem, together with resuhs by Humihere (cf. |Huj ) imphes that this 
extends to the non convex case, provided Uk is the variational solution and 
H is given by our main theorem. We now state the more general proposition, 
yielding the analog of |L-P-Vj when n = 0: 

Proposition 3.6. Let H e C^{T*T'^+^)J G C'0(T"+'") and uu he the vari- 
ational solution of 



{HJPk 



§lUk{t, X, q) + H{kx, q, ^Uk{t, x, q)) = 
UkiO,x,q) = f{x,q) 



Then lim Uk{t,q) = u{t,q) where convergence is uniform on compact time 

k—*+ao 

intervals and u is the variational solution of (HJP) . 



(HJP) 



f^u{t, X, q) + H{kx, q, ^u{t, x, q)) = 



u{0,x,q) = f{x,q) 

More precisely, there is a sequence going to zero, such that 

\uk{t,x,q) -u{t,x,q)\ < Skt 

The next three sections will be devoted to the proof of our main theorem, 
first in the "standard case" , then in the "partial homogenization" setting. 



4 Proof of the main theorem. 

Let us give the reader the main steps of the proof. We denote by ifl. be the 
flow of H{k ■ q,p). Starting from a G. F.Q.I, of the flow = ip\, we shall in 
the first part of subsection 14.11 construct a G. F.Q.I, of ipl.. 
our proof will then be split in two steps 

• Finding a candidate Tp^ for the limit of (f^ 

• Showing that the limit of <y9^ is indeed ^ * 
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The first step goes along the following lines: if H is independent form g, 
then c(/ig V^fe) = H{p), so we have to prove that 



lim c(/ig(g)l(p),(^*J =H{p) 



exists. This is the second part of subsection 14.11 and is proved in proposition 



The second step is more delicate, and is dealt with in subsection 14. 2[ In 
fact, the formula obtained for the G. F.Q.I, of ifl. yields an inequality valid 
for any Hamiltonian map a 



proved in proposition 14. 11[ 

We must then prove the reverse inequality. This relies in a crucial way 
on the main result of |V5j . which implies that a l//c-periodic Lagrangian in 
T*T" contained in the unit disc bundle, has 7 norm converging to zero. 

We now give the details of the proof. 

4.1 Reformulating the problem and finding the ho- 
mogenized Hamiltonian. 

First of all, we shall assume we are dealing with an autonomous Hamiltonian. 
We shall see in the next section that the general case reduces to this one. 
Let v?* be the flow associated to H, and ip = ip^. 

Similarly let 99^ be the flow associated to Hk{q,p) = H{kq,p) , and = 
(pi We first compute (pk as a function of (p. 

Lemma 4.1. Let Pk{<l,p) = {kq,p), then (p^ = p'^^^ipp^. 
Proof. The map pk is conformally symplectic, hence 
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fc— >oo 



lim inf c(/i, v^fcO;) < c{fi, (pa) 



dHk{z)i = dH{pk{z))dpk{z)^ = to {Xnipkiz)), dpk{z)^) 



{plu;){dp^\z)XH{pk{z)),0 



Since pluj = /ecu, we get 




k{{pk).XH) (Z) 
ipk).ikXH)iz) 



The flow of kXfj is (p' 



, hence the flow of {pkj^ikXij) is Pf^-^ip^^pk- 



□ 
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We are thus looking for the 7-limit of Pf^^ip'^pk- 

Remark : The map p^^ is not well defined on T*T^, so that a priori the 
lemma only makes sense on T*M". However given a continuous path z{t) 
from zq to Zi in T*T"', and Uq such that kuo = zq, we may find a unique 
continuous path u{t) such that u(0) = Uq and k.u(t) = z(t). Therefore given 
an isotopy ip^ starting at the identity, there is an unique isotopy ip^ such that 
Pkijj^ = tpf Moreover the map only depends on tp^ and not on the choice 
of the Hamiltonian isotopy. 

Note also that we may replace 93 = 93^ by 93^/^ for some fixed integer r. 
Indeed, if p^'^^'^^^Pk c-converges to tp, we have that 

Pfc Wfc = Pr {Pllv^"'"pkr) p;' 

C-converges to pripp~^. If our theorem is proved for (p^^^, ip will be generated 
by a Hamiltonian depending only on the p variable. We easily check that in 
this case 

pr'ipp'^ = 

In other words, p^ (fi Pk converges to tp . 

We assume in the sequel that ip is close to the identity, so that it lifts 
to a Hamiltonian diffeomorphism of T*R" close to the identity, (p. The 
map ip has a generating function 

S{Q,p) = {p,Q) + S{Q,p) 

where S is defined on T*T"', and S defines (p by the relation 

or else ^ ^ 

?(f(Q.P).p) = (Q,|§W,P),) 

This means that the graph of ^ , T{ip), in T*M" x T*W ~ T*Ak2„, has 
the compact supported generating function S{q,p) defined on T*T"-. 
In other words, if ^{q,p) = {Q, P) we have 



r p-p = ^(Q,p) 

I q-Q = §{Q,p) 

We now give the composition law for generating functions, due to Chekanov 
(cf. [Chi]) 
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Lemma 4.2. Let ^1,^2 be Hamiltonian maps having 5*1, 5*2 as generating 
functions. Then (fi o has the generating function 



S{qi,P2;q2,Pi) = Si{qi,pi) + 52(^2, P2) + {pi,qi) + (^2,^2) - (^1,^2) - {p2,qi) 
= Si{qi,pi) + S2{q2,P2) + ipi-P2,qi -q2)- 

Note that if we set p2 — Pi — q2 — qi + u, we have 

Siqi,P2;qi + u,p2 + v) = 

Si{qi,P2 + v) + S2{qi+u,p2) - {v,u) 
so that yS" is a generating function quadratic at infinity. 

Proof. It is a simple computation. The lemma claims that 

S(qi,P2; q2,Pi) = -51(^1,^1) + S2(q2,P2) - {pi, ^2) 
so we must prove that (pio ip2 maps 
dS 



dp'^ 



■(?l,P2;g2,Pl),P2 



dS2 

dp2 



(?2,P2),P2 



to 



qi,^{qi,P2;q2,Pi) 

where 52,^2) are constrained by 



' dS dS 

^(?i,P2;?2,Pi) = i.e. ^2 = 

;?^(9i,P2,g2,Pi) = i.e. Pi = ^(g2,P2) 
^ oq2 oq2 



These last two equations are equivalent to 



dS2, . 
<P2 I -Q^{q2:P2):P2 



= ig2,||(g2,P2) 

= (92, Pi) 
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and 



and thus 

where {qi,P2',q2,Pi) are constrained by 
dq2 opi 



□ 



More generally, we get 
Lemma 4.3. T/ie map is generated by 

Sk{qi,Pk;Pi,q2,P2, ■ ■ ■ ,qk^i,Pk~i,qk) = 

^kiqi,Pk]Pi,q2,P2, ■ ■ ■ ,qk-i,Pk-i,qk) + Qk{qi,Pk;pi,q2,P2, ■ ■ ■ ,qk-i,Pk-i,qk) 

where 

k 

^k(qi,Pk;pi,q2,P2,--- ,qk-i,Pk-i,qk) = ^S{qj,pj) 

and 

k-l 

Qk(qi,Pk,Pi, ?2, • • • , qk-i,Pk-i, qk) = - Pj+1, qj - qj+i) + {Pk, qi) 

Proof. The proof follows immediately by induction from the previous lemma. 

□ 

Note that Qk could be rewritten as 

Qk(qi,Pk;pi, ?2, • • • , ?fe-i,Pfe-i, qk) = 

fc-i 

^{pj.qj - qj+i) + {pk.qk) ■ 

Again, is defined on (T*T^)^, while Qk is defined on {T*W)^. Finally we 
have 
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Lemma 4.4. Let ip be generated by S{q,p), then ipk = p].^^^Pk is generated 
by Fk given by 

Fkiqi,Pk]Pi, ■■■ , qk-i,Pk-i, Qk) = 
^^k{kqi,pk;pi, - ■ ■ ,kqk-i,Pk-i,kqk) + Qk{qi,Pk;Pi, ■ ■ ■ , Qk-i, Pk-i, Qk) 

Proof. Indeed if S{q, p;^) is a. generating function for ip, we have that p'^^ipPk 
is generated by \S{kq,p;^). 

Thus in our case, we expect the generating function 

Gkiqi,Pk;pi, ?2, • • • , qk-i,Pk-i, qk) = 
^T.k{kqi,Pk;pi, ?2, • • • , qk-i,Pk-i, qk) 
+^Qk{kqi,Pk;pi,q2, - ■ ■ , qk-i, Pk-i, qk) ■ 

But the fiber preserving change of variable qj — > kqj{j > 2) sends Gk to 

Fkiqi,Pk;pi,q2, ■ ■ ■ ,qk-i,Pk-i,qk) = 

^^kikqi,Pk;Pi, kq2, ■■■ , kqk-i,Pk-i, qk) 

+^Qk{kqi,Pk;Pi,kq2, - ■ ■ ,kqk-i,Pk-i,qk) ■ 
It is easy to check that the last term is equal to 

Qk{qi,Pk;pi,q2, - ■ ■ ,qk-i,Pk-i,Pk) ■ 



□ 



We now set 

Fk{qi,Pk;pi,q2, - ■ ■ ,qk-i,Pk-i,Pk) = 

Fk{qi,Pk]Pi,q2, ■ ■ ■ ,qk-i,Pk-i,Pk) - {Pk,qi) 
and to simplify our notations 

X ^ qi,y ^Pk , C = (Pi,?2,--- ,qk-i,Pk-i,Pk) ■ 

thus 

k 

Fk{x,y;0 = ^S{qj,pj) + Qk{x,y,^) - {y,x) 
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Definition 4.5. We set hk{y) = c{nx,F'k,y) where F^^y = Fi;{x,y;^). We will 
also denote this function as c{iJ,x ® -^a:)- 

Remark 4.6. As long as we write c{iJ,x ® ^{y),S) for a generating function 
S, there is no ambiguity. However, if A is the Lagrangian associated to S, 
and we write an expression like c(/x, (A)j^), one should be careful since S is 
only defined up to a constant, and this constant yields a coherent choice of 
a G. F.Q.I, for {A)y for each y, so that the c{fi,Ay) arc wcll-dcfincd up to the 
same constant for all values of the parameter y, and not up to a function of 
y as one could expect. 

Clearly we take a G. F.Q.I. S for L and then {L)y has G. F.Q.I. Sy — 

S{y:*). 

Proposition 4.7. The sequence (hk) is a precompact sequence for the C° 
topology. 

The proposition will follow from Ascoli-Arzela's theorem once we prove 
the following 

Lemma 4.8. The sequence of (hk) is equicontinuous. 

Proof. Indeed let Ip be the lift of cpk = p^^'^^pk to T*R". It has support in 
some tube 

T^W = e T*W I IpI < A} . 

Now for each p there exists q{p),i{p) such that 

dFk dFk 

Fk{q{p):P:^{p))^hk{p) . 

Moreover, for generic (p, the map p — > {q{p),C{p)) is smooth on the comple- 
ment of some codimension 1 set. Thus for p in this complement, 

d 

dhk{p) = g;^Fk{xip),p,C{p)) 

= q{p) - Qk{q{p),p) 

where Qk is defined by 

^k{q,p) = {Qk{q,p),Pk{q,p)) ■ 

The quantity q{p) — Qk{q{p),p) can be estimated as follows : the first coor- 
dinate of the fiow ipl. satisfies 

OH 

qk{t) = -Q^{kqk{t),Pk{t)) 
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hence is bounded by C = sup | ^{q,p) \ {q,p) G T*T"| hence 

Iq — Qk{(l,p)\ < C. From this we get the inequahty 



\dhk{p)\ 



d_ 

dp 



Fk{q{p),P,i{p)) 



< C 



and since is continuous, it is C-Lipschitz. 



□ 



From Ascoh-Arzela and the above lemma, we see that the sequence hk is 
relatively compact. 

We will then need to prove that 

Lemma 4.9. // a subsequence of p'j^^^'^pk has a limit Tp, then the sequence 
itself converges to this limit. 

Proof. We first claim that 

(1) 7(^V) < k^i^i^) 



(2) 



7(Pfe VPfc) = -^liv) ■ 



Indeed, we may write 

Since each factor is conjugate to (pip, and we have k factors, property (1) 
follows immediately. Property (2) follows from the scaling property of 7 by 
conformal conjugation (see [I]). 

Now let k large enough, so that 7(p^V'^Pfc5^) is less than e. Let n = 
kq + r. Note first that if r = 0, 

liPkdV'"^Pkd,v) = l{pd\pk^^^PkYpd{pd^^~^Pd)) 



smce 



^ = Pd^V'^Pd 



But using (2), we get 



i{Pd\Pk'v>'PkYPd{p-,'w''Pd)) = i{p-,\p-u'v'PkYw'')Pd)) < ^liiPkVPk)'^ 



-^dliPk V PkV ) <^ 
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Then we claim that 

Indeed, working in T*M", we may write pkq+rPkl = Pi+ir/kq) and yj^'^+'^^j"^'? = 
thus 

7(Pr+(r/fcg) (PfcgV'Vfcq) (PfcgV>fcq)Pl+(r/fcq)PfcgV^'''Pfcg) 

Now we use the fact we proved earher, that 
and that ^ 

li.Pkl'P'' Pkq) < Y^l^Vl < £ 

for q large enough. 

We use the fact that^ and ps satisfy p'^'ip = '^'^Ps to infer the next 
estimate of the above quantity 

7(Pr+(r/fcg)^V^lPl+('-/fca)^2^"^) = 7(^''^''Vr+{r/fcg)V^lPl+{r/fcg)V^2) 

where 'y{ipj) < s. The above is then small as soon as kq is large enough. 
We thus proved that for q large enough, 

is close to zero. Since we proved earlier that liPk^v'^'' Pkq) < ^ this proves 
that the limit of p'^^ip'^pkis indeed ^. 

□ 

4.2 Concluding the proof of the main theorem. 

The last section gave us a function hooip) limit of some subsequence hk^{p). 
Since hoo is continuous, according to Humiliere (cf. prop 12. Ill) it has a flow 
in n{T*T''). We denote by ^* this flow. 

Proposition 4.10. The map Tp is the limit of pk = Pk^f'^Pk ■' we have 

lim 7(v2fc,^) = . 

fc— »+oo 
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This will be based on the following two propositions 

Proposition 4.11. For any a in 7i(T*T"), there exists a sequence such 
that 

lim c(/i, v?^^a) < c{^,Tpa) 
Proposition 4.12. Consider a subsequence of {(fk^) such that 
limc(/i(g) l(p),v2fcj = lim/ifc^(p) = h^{y) 

V V 

Then we have 

lim c(/i ® = -/loo(p) 

Remark 4.13. Note that this means that if we define H as in proposition 14.71 
the operator A satisfies A{—H) = —A{H). This is typically a statement 
that does not hold in the case of viscosity solutions, since if u{t,x) is a vis- 
cosity solution associated to H, u{—t, x) is not in general a viscosity solution 
associated to —H. 

Proof that Proposition \4.11\ and \4-l^ imply proposition \4.10\ Indeed take a - 
Tp~^, where Tp is the limit associated by the previous subsection to some sub- 
sequence {ky)y>i. We get 



lim c(/i, ifii^ip ) < c(/i, Id) = 0. 
and since for any -i/^, c(/i, > we get, 

limc(/x,v3£„^"^) = 

V 

Now we must prove lim,^ c(l, i^y.^Tp^^^ = 0, and it is enough to show that 

limc(l,v2^^a)) > c(l,^a) 

for any a in n{T*T''). 
But 

c(l, ipu-^a) = -c(/i, a" V7,^) = -c(/^, Vi^^a'^) ■ 

We may then apply proposition 14.111 to the sequence {^^^) since according 
to proposition 14.121 

lim c(/i ® l(p), ipj^) = -hooip) 

k " 

and —hoo{p) has flow in the completion T-l{T*T^). 
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As a result 



k k 



> —c{jj,,ip a ) = c{l,(pa). 

We thus proved the following statement: if c{fix ® ^{p),Vk^) converges 
to hoc, then ipi^ converges to Tp. Now assume there are two subsequences, 
(Pk,,'^i, such that c(/i^. (g) l(p),v2fcj converges to h^, while c^fi^ l{p),ipi^)_ 
converges to k^o- Then we find subsequences of {(pk) converging to Tp and 
(where Tp is the flow of h^o while ip is the flow of ip)- 

But according to lemma 14.91 two converging subsequences of (ipk) must 
have the same limit, thus /Iqo = ^oo- 

This concludes our proof of I4.im modulo the proof of 14.111 and 14.121 □ 

Proof of proposition \4.11\ First of all, if S{x, y, rf) is a G. F.Q.I, of a, (pkOi has 
the G.F.Q.I. 

S{x,v;r]) + Fk{u,y;^) + {y - x,v - u) 

Note that for each y, there is a cycle C{y) homologous to T" x Ef^ (x 
lives in T", ^ in Ek, E^ is the negative eigenspace for Fj.) such that 

Fk{y,Ciy))<hk{y)+e . 

(we denote by {y,C{y)) the set of {x,y,^) such that (x, ^) G C{y)). Unfor- 
tunately we may not get such an estimate if we simultaneously require that 
C{y) is to depend continuously on y. However, we may assume the above 
estimate holds outside of U2S where Us is a (5-neighbourhood of some grid in 
(M")* (see figure [H), while inside Us, Fk{y,C{y)) < a for some constant a. 
Indeed we have 

Lemma 4.14. Let F{u,x) be a smooth function on V x X such that there 
exists C{u) G H^{X) with F{u,C{u)) < f{u). Then for any subset U in V , 
such that each connected component ofV — U has diameter less than e, there 
exists a continuous map u — > C{u) and a constant a, such that 

F{u,C{u))<fiu) + axu{u) 

Thus Fk{y,C{y)) < hkiy) + ax^iu) + ^ where is a smooth function 
equal to one on Us and to zero outside U2S, a is some constant, and e is 
arbitrarily small. 

Assume first Us is empty (i.e. x"^ = 0). 

Set 

$fc(u, v; X, y, 7]) = S{x, v; r]) + hk{y) + {y -v,u- x) 
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defined on T^" x M" x (Mp* x (A^ is the vector spaces where rj fives). 

Let r be a cycle in T^"„) x (Ma;)" x (M^)* x in the homology class 
of T("^^) X Aj^^y X A^" {/^x,y is the diagonal in R" x (M^)* and the negative 
eigenspace of {y, —x)). 

We choose V such that $/c(r) < c(/i, $fc) + £ = c{fi,Tpi^a) + e, which is 
possible by definition. 

Let now T Xy C he the cycle 

T XyC = {{u,v,x,y, ^, r]) \ {u, v, x, y, rj) G F, (m, e C{y)} . 
We claim that 

$fc(rxyC)<$fc(r) 

and r Xy C is a cycle in the homology class of 

T^^^,) X A.,, X i?, X ATf X AT^- 

so that 

c{n, Lfka) = c{fi, $fc) < $fc(r) < c(/x, $fc) + e < c(/x, ^^a) + e 

Let us now try to establish the inequality in the general case, 

Let ki, be a sequence such that c{^x ^l{y), ipkj) converges to h^iy). We 

replace by (^^ k where is replaced by the explicit formula for F^^ given 

by lemma 14. 4[ 

1 ^ 

^i,k{u, v; X, y, ^, r]) = S{xi,v, //)+- ^ Fk{ixj, yj, Q+Qe{x, y) + {ye-v, u-xi) 

i=i 

We may now "spread our error" ax^iy) by translating it. More precisely, 
let us choose different x]{y) so that 

Fk{y. Cj{y)) < hiy) + akX^y) + e 

and such that the supports, Uj, of the Xj so chosen that the intersection 
of (n + 2) distinct Uj is empty. 
Consider 

(^i^kiu,v;x,y,r]) = 

1 ^ 

S{xi,v;r]) + (hkiyj) + akX^Vj)) + Qeix,y) + {yi-v,u- xi) 
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Then, let F be a cycle in the same homology class as above, such that 
and 

r XyC= {{u,v;x,y,^,r]) \ {u,v,x,y,rj) e r,{£xj,Q e CjiVj)} ■ 

Now r Xy C belongs to the suitable homology class, and we may thus infer 
that 

c(/u, (fka) = c(//, ^e,k) < ^e,k{^ Xy C) 
and $^,jfc(r Xy C) < $^,fe(r). We may conclude that 

C(/X, < C(/X,$^,fc) +2£ 

Finally, we must show 
Lemma 4.15. We have 

— — 

c{fi, ^e,k) < c{fi, + Y 
Proof. Indeed $^,fc is the generating function of il'k,s,e on where 

where ipl g is the time one flow of hk{y) + akX%y)- 

But because these flows commute, we have that ipk,s/ is the time one flow 

of 

Kk,sAy) = J ^J^^fe(2/) + (ikx'jiy) 

Now since (n+2) sets t/j have empty intersection, we have that ^^^^ x]{y) 
{n + 2) hence 

\Kk,5Ay) -hk{y)\<-^ 
As a result ^ 

lii^kAi^ ^k) < -J 

where is the time one flow of hk{y) hence 
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< 



and 

< c(/i,y?^a) + — 

□ 

Since by assumption, as u goes to infinity along a subsequence ipk^ goes 
to ^ we get 

c(/i, ifkea) = c{iJ, ^i^k) < 
c(/x, +e< c{fi, + e + y 

< c(/x,^a) + ^ 
Taking £ large enough, we see that 

V 

as announced. This concludes the proof of Proposition 14.111 □ 
Remark 4.16. It is important to notice that here 

1 ^ 

^t,k = S{xi,v;r]) + i^kiVj) + aX^Vj)) + Q£(x,y) + {yi-v,u- Xi) 

cannot be bounded from above by 

1 ^ a 
S{xi,v;r]) + j^hk{yj) + Qe{x,y) + {yi-v,u- xi) + - 

i=i 

as it is obvious by choosing {yi, ...,y£) such that each yj is in Uj. the above 
proof would not hold if we replace x%y) by an analogous function X%Q:P)- 
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Proof of proposition 5. 3. Let T^p be the graph of tp in coordinates 

= {{.X{x, y),x,y- X{x, y),X{x, y) - x) \ (p{x, y) = {X{x, y), Y{x, y))} 

Then the reduction of at y = yo is (r<^)yo = {{X{x,y),yo -Y{x,yo))} 
that is — ip{LyQ) where 

Ly, = {ix,yo) |xgT"} 

Now c(/i^ O l{y), r^) = c(/i, (r^)j^) = c(/i, Ly - V5(^j;)). 
Remark 4.17. We refer to remark 14^6) and remind once again the reader of 
the extra care that has to be taken when using such expressions as c(/i, Aj^). 
Here c(/x, (T^)y)) is well defined if we choose a G. F.Q.I, for T^. 

li Lp = ipk = p^V'^P/s! then ipk is l/Zc-periodic, hence so is Ly — Lpk{Ly). 
Lemma 4.18. The quantity 'y{Ly — ipk{Ly)) goes to as k goes to infinity. 

Proof. Note that Ly is not exact, but if Ty is the translation by the vector y 
in the p direction 

Ly = ry(OT") 

and we identify 

liLy - Vk{,Ly)) 

to 

7 (Ot" - (r^"Vfc o ^3/)(0t")) = 7(VVfe^2/(0T")) 

Moreover {Ty^ipkTy)^^^^) is Hamiltonianly isotopic to the zero section and 
invariant by any translation in the x direction by a vector in ^Z". More 
precisely the Hamiltonian isotopy t^" Va;''"?;)(Ot,J is invariant by such trans- 
lation. 

Thus -^{jy^ipk^yiQT^)) is the 7 invariant of some Lagrangian contained in 
the product T^T]^ (where T^" = (M/iZ)"), Hamiltonianly isotopic (in T^T]^) 
to the zero section. Since 

T*T," ^ T^/.T" = {(g,p) I X G T" , b| < 1} 

we get, according to the main result in [V5] , that 

7(r-V;^r,(0T.)) < 0(1/A;) 

□ 



28 



Asaresult, c{fi, Ly-ipk{Ly)) = -c{l,ipk{Ly)-Ly) = -c{l,Ly-(p^^{Ly)) 
This last quantity differs from 

by 

l{Ly - ^^\Ly)) = -f{iPk{Ly) - L y) 

wliich goes to zero as k goes to infinity. 
Hence 

C(/i,Lj^-V3fc^(Ly)) = C{fI,(pkiLy)-Ly) = -C{1, Ly-ipkiLy)) ~ " C (/i , " fc ( L ) ) 

In otfier words, denoting hk the number c(/i^ ® y^k^), we proved 

hk{y) = c{fi^ ® Vk^) = c{fi ® l{y), Ly - fk\Ly)) = 
-c{fi ® l{y), Ly - v^\Ly)) + 0(i) = -hk{y) + O(^) 

□ 

We tlius sliowed tliat some subsequence of ipk converges to Ip. On tlie 
otlier liand, we proved in lemma 14.91 that this implies convergence of the 
sequence itself to Tp. Wa may finally conclude that (pk converges to Tp, and 
thus that the sequence H{kq, p) converges to H for the 7 metric, which proves 
the first statement of the main theorem. 



End of the proof of theorem \3.1[ Assertion (2) follows from the fact that ip^ 
determines H, and that 



"P^ = Pk^V^Pk 

fe^oo 



which only depends on ip^ . 



We finally prove assertion (3) 



\hk,i{y)-hk^2{y)\<\c{px®l{y)^Pk v^iPfc) - c(/u^ ® l(y),Pfc V2pk)\< 

7 ((Pfc Vtpfc)"^ °Pfc V2Pfe) < 7(Pfe VrV2Pfc) < \i{^i^v2) < 7(^rV2) 

Therefore A is Lipschitz, with Lipschitz constant one, for the norms 7 
and C° and thus extends to a Lipschitz map from 7i(T*T") to CO(R'^,M). 
Since is H only depends on p, then H = H, we get that ^ is a projector. 
This concludes our proof of theorem 13.11 □ 
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5 Proof of theorem 



In order to prove (1) of theorem 13.21 we need to prove that if Hi < H2 then 
^00,1 < hoo,2- But this follows immediately from the fact that Si{q,p) < 
5*2(5, p) hence, i < Fj^ 2 and therefore 

hk,i{y) = c{fi (g) l{y), Fk,i) < c{fi <^l{y), Fk,2) = hk,2{y) 

As a result, hoo,i{y) < hoo,2{y)- 

If we wanted to assume only Hi ^ H2 so that ip\ ^ ifl and 

and by going to the limit, Ipi ^ ^2- Now Ipi and ^2 the flows of Hi and 
H2 which depend only on p. 

Therefore they commute, and our assertion follows from the 

Lemma 5.1. If ip^ , the time one flow of H{p), satisfies Id ^ (p^ then H is 
positive. 

Proof. In Appendix A we prove that c_((/?^) = inip^z^n H{p). Therefore if 
c_((y9^) is positive, H must be non-negative. □ 



To prove (2) , we have to compare A{H o ip) to A{H). Note that the flow 
associated to i!f o ■?/; is ip~^ip^ o ip. Thus A{H o ip) is associated to the 7-limit 
of 

Pfc V~V''^/5fe = {pk^i'~^pk){pk^v^pk){pk^i'pk) 

But limfc^oo7(Pfc V^Vfc) = 0, hence 

lim p-V" V^Pfc = lim P^^^^P^^ 

fe— >oo fe— >oo 

Similarly for property (3) , we have to compare limfc^oo Pk^'^^Pk and 
Ymik^oo Pk^'^'^ Pk- Clearly, if the limit exists, they must be inverse from each 
other, that is they are given by Tp and {jp)~^. Now it follows from |Huj that 
two continuous compact supported Hamiltonians if, K in 7i, such that their 
flows satisfy = Id in H{T*T'') must satisfy H + K = 0. 

We now prove property (4) Now, we may consider a decreasing sequence 
of smooth functions H^, such that lim,y H^, = xu, the limit being here a 
pointwise limit. Then H^ is also a decreasing sequence, and therefore has a 
limit Hoo, and we denote by A{U) the support of H^o- Since for any sequence 
Ki, decreasing to xu, there is for each z/ a such that < H^, we have 
Koo < Hrx,- By symmetry, we get K^o = H^o hence the support of i^oo 
coincides with the support of i^oo- By symmetry, we see that the supports of 
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i^'oo and ifoo must coincide (in fact the functions will coincide). This support 
defines A{U). 

Assume now L is a Lagrangian submanifold Hamiltonianly isotopic to 
Lyg. Then, by the Hamiltonian invariance we just proved, A{L) = A{Lyg). 
Now it is easy to show that 

ALyo) = {yo} 

Since shape{U) contains p if and only if U contains a Lagrangian L, 
Hamiltonianly isotopic to Lp, we get that for p G shape{U), we must have 



Po G shape{U). This concludes the proof of (4) 



As for property (5) , it is an easy consequence of the above. Indeed, 
assume first H{L) > h where L is Hamiltonianly isotopic to Lp^. Let 
function on (M*)" equal to 1 near po, very negative in a tube containing the p- 
projection of the support of H, and compact supported. Then if ipi^Lp^) = L, 
we have 

H > h ■ K,p^^ o ip 

hence 

As a result, 



H > h ■ KpQ o ip = h ■ Kpg = h ■ KpQ 
H{po) > hKp^XPo) = h 



Changing H to —if, and using (3) we get the second statement. 

Finally, to show that C is a quasi-state, it is enough to deal with the case 
where /i is a Dirac mass at p. We must then prove 



(1) (Monotonicity) Hi < H2 implies Hi < H2- This follows from (1 



(2) (Quasi-linearity) If if, K Poisson commute, then {H + K){p) = H{p) + 
K{p). this follows from the fact that if H, K commute, with respective 
flows <f^,ip^, then H + K has flow ijj^ip^ and then A{H + K) corresponds 
to 

lim p^V'V'Vfc ' = ( lim Pfc V^Vfc) lim Wfc) 

k—foo fe— >oo fe— >oo 

and this corresponds to A{H){p) + A{K){p). 

(3) (Normalization) ^(1) = 1. We see that Hji{q,p) = Xl-B.,Ft]{p) so 

A{1) = Ai lim Hn) = l= lim AiHn) = lim Hr = 1 

Note that the inversion of limits will only be justified when we deal 
with non compact supported Hamiltonians in section [HI 

This concludes the proof of theorem 13.21 
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6 Proof of the partial homogenization case 

We here consider the case of the sequence H{kx,y,q,p) and prove that it 
converges to H{y,q,p) obtained by performing the above homogenization, 
on the variables {x,y) and freezing the {q,p) variable. 
The flow of H{kx, y, q,p) is given by 

' * = i^H{k- x,y,q,p) 
y = -k£H(k-x,y,q,p) 

■§^H{k- x,y,q,p) 
p = -^H{k-x,y,q,p) 

Set 

Xk{t) = k-x{^),yk{t) =y{^),qk{t) = q{^),Pk{t) = P^i^) 
We shall consider the flow </?j. associated to the Hamiltonian. 

Xk = -§^H{xk,yk:qk:Pk) 

= —i^H{xk,yk:qk:Pk) 
qk = l^H{xk,yk,qk:Pk) 
Pk = -li^H(xk,yk,qk,Pk) 

Then our map is generated by Pk^'fi'kPk where 

Pk{xk: yk: qk,Pk) ^{k-Xk, yk, qk,Pk) 

Let Sk{xk,yk,qk,Pk,0 be a generating function for the flow above. The 
candidate for the homogenization is again given by limfc^oo Hk where 

Hkiy, q,p) = c{p^ ® l{y) ® Sk) 
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is obtained by freezing the (g, p) variables and performing homogenization 
as in the previous section. The precompactness of the sequence is proved as 
in proposition 14.71 

Let us reformulate the problem by considering the symplectic form ak on 
j^*j^m+n gjygj^ \yy dij f\ cix + kdp A (Iq . For a Hamiltonian H{x, y, q, p) its flow 
for (Tfc is defined by the equations 



' X = ^{x,y,q,p), y = -^ix,y,q,p) 



dy 

1 dH I 



Now to a function S{x, Y, q, P) on ^ve may associate the Hamil- 

tonian map given by 



X-x 



as , 
ay' 



x,Y,q,P), y-Y 



§ix,Y,q,P) 



Q-q=W{x,Y,q,P), {p-P) = if (x, F, g, P) 

Indeed this amounts to the identification of T*(T™+") x T*(T™+") en- 
dowed with cxfc (Tfc, to T*(T"'+™ X 1^"-+™) endowed with the standard form 

by 



{x,y,q,p,X,Y,Q,P)-^{x,Y,q,P,y-Y,X-x,k{p-P),k{Q-q)) 

Two such transformation are composed by the following formula: If 
5*1 (xi, Yi, qi, Pi), S2{x2, Y2, q2, P2) are the generating functions for yji, ip2^ we 
will have 



S{x, Y, q, P; X2, Yi, q2, Pi) = Si{x, Yi, q, Pi) + S2{x2, Y, q2, P)- 
{x-X2,Yi-Y) -k{Pi-P,q-q2) 

Indeed, the constraining equations are 



' dS_ 

8x2 


= ^ 


, as2 
ax 


{x2,Y,q2,P)-Y + Yi = 


dS 

an 


= ^ 


- asi 
ay 


{x, Yi, q, Pi) + -X + X2 = 


< 

as 
a<j2 


= ^ 


^ as2 


:x2,Y,q2,P) + k{P-Pi)=0 


as 
I aPi 


= ^ 


. asi 
ap 


{x,Yi,q,Pi) + k{q-q2) = 
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and the map 93 is given by 

OS 1 OS 

x,Y + —{x, Y, q, P; X2, Y^, 52, -Pi), g, -P + ■^^(^' ^' ^5 -P' ^2, ^2, A) 

^5' X OS 

X + g^i^^ q, P; X2, Yi, q2, Pi),Y, q + -^-Qp{x, Y, q, P; X2, Yi, 52, -Pi), P 

that is 



dS 1 dS 

x,Y+ -^{x, Yi, q, Pi), q,P+-^ix, Y,, q, Pi) 

a; + -^{X2, Y, q2, P),Y,q+ ■^^{x2, Y, q2, P 



Now the map (fi sends 



dS 1 dS 

X, Y, + -^{x, Y^, q, Pi), Pi + ^^{x, Y^, q, Pi) 



and the map </72 sends 



(^X2, Y + g(x2, Y, q2, P),q,P+ ^f|(^2, 1^, ^2, P)) 
(^2 + ^(^2, Y, q2, P),Y, q2 + \^{x2, Y, q2, P), P 



Since 



we may infer 



Y^Y^ + ^{x2,Y,q2,P) 

X^X2 + ^{x2,Y,q2,P) 

P = Pi + l^ix2,Y,q2,P) 
Q-Q2 + l^{x2,Y,q2,P) 



ip = (piOip2 
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6.1 Resolution in the (q2, Pi) variables 

For J = 1, 2, let the functions 

be bounded, and assume k is large. We may then solve 

9S2.^X2,Y,q2,P) + k{P-P,)^0 

^{x,Y,,q,P^) + k{q-q2)^0 
in 

(g2,Pi) = iq2ix,Y,q,P■,X2,Y^),P^{x,Y,q,P;x2,Y,)) 
This requires the following matrix to be invertible: 

V lS|(^2,r,g2,P) I-l'-;^{x,Y„q,P^)J 
We thus get a new generating function 

S{x, Y, q, P; X2, Y^) = S{x, Y, q, P; X2, Yi, q2{x, Y, q, P; X2, Y^), Pi{x, Y, q, P; X2, Y^)) 
Note that 

\\q2{x, Y, q, P; X2, Y,)-q\y = 0{l/k), \\P,{x, Y, q, P; X2, Y,)-P\\cr = 0{l/k) 
hence 

\\S{x, Y, q, P; X2, Yi) - S{x, Y, q, P; X2, ^i, q, P) \W = 0{l/k) 
where 

S{x, y, g, P; X2, Fi, g, P) = Fi, q, P) + ,52(x2, g, P) - (x - X2, - Y) 



35 



6.2 Generating functions for H{kx,y, q,p) 

Suppose now that 5*1 is a function of (xi, Yi, gi, Pi, ^i) and 5*2 of {x2, ^^2,52,-^2,^2) 
Then 

S{x, y, g, P; X2, Yi, ?2, A, 6, 6) = S^{x, ^i, Pi, 6) + S2{x2, Y, q^, P, 6)- 
{x-X2,Y^-Y)-k{P^-P,q-q2) 

The conditions are then given by 

fi(x2,F,g2,P,6) + fc(i^-A) = 

ff(x,Yi,g,Pi,6) + A;(g-g2) = 
and for k large enough we may write, as in the previous section 

(g2,Pi) = (g2(2:,y,g,P;x2,Yi,6,6),^i(^,^,?,^;^2,l^i,6,6)) 
hence we set 

5(a;,F,g,P;a;2,yi,6,6) = 5'i(a;, Yi, g, Pi(a;, F, g, P; ^2, Yi, ^1, ^2), 6) + 
^2(^2, Y, g2(x, Y, g, P; X2, Yi, a, ^2), P, 6) - - ^2, Yi - Y) - A;(Pi - P, g - 52) 

Again, we have, as above 

\\S{x, Y, g, P; X2, Y^, G, 6) - ^(a:, Y, g, P; 0:2, Yi, g, P, 6, 6) llc^ = 0{l/k) 

6.3 The case of £ terms 

Let (^^ be the flow associated to if (x, ?/, g,p) for the symplectic form cTfc, the 
flow associated to H{kx, y, q,p) for ai is given by 

Indeed is defined by the equations 

f *(^) = ^(kx,y,q,p), y(t) = -k^{kx,y,q,p) 
\ q(t) = mkx,y,q,p), p{t) = -^(kx,y,q,p) 
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and setting kx = u, we get 



^H^) = k^{u,y,q,p), y{t) = -k^{u,y,q,p) 

= Pit) ^ -%{u,y,Q,p) 

Defining Pk{x,y,q,p) = {kx,y,q,p), we get 



p,-^(«(t),2/(t),g(t),p(t)) = p,-Vr(«(0),2/(0),g(0),p(0)) 



hence 



This is not surprising, since is Hamihonian for ai (hence it is ai- 
sympiectic) whiie ipl is Hamiitonian for ak (hence is CTfe-symplectic) and 
plak = kai. 

Let Fk{x,Y,q, P,^) be a generating function associated to the time one 
flow of H{x, y, q,p), for ak, we shall have 

Fe{x,Y,q,P-x,Y,q,P,0 = 
e e 

Yl ^k{xj, Yj, qj, Pj, Q - - ^j+i' - Yj+i) - HQj - Qj+i, Pj - Pj+i) 

Here 

xi = x,qi= q, Pi = P,Yi = Y, 
x^ (X2,...,xe),q^ {q2,...,qe),P ^ {Pi, Pe-i),Y = (Fi, Yf_i), ^ = {^i,-. 

The condition for solving the constrains in {q, P) is the invertibility of 
the following matrix 



\'-^{x,Y,-q,P) \ 



This amounts to the inequality 

f^{x,Y,q,P) ff{x,Y,q,P)\ 

^^^{x,Y,q,P) ffix,Y,q,P)J 



< e 
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since a matrix of the type 



fl + A C 0\ 

B I + A CO... 
I + A C ... 



... 5 I + A C 
\ ... 5 I + A] 

is invertible provided ||A||, ||C|| are small enough (independently 
from the number of blocks: this follows from Gershgorin's theorem, stating 
that if R bounds the sum on any line of the off diagonal terms , the eigen- 
values of the matrix are at distance less than R from the diagonal terms). 

Under the above assumption (★), we have that 

\mx, F, g, P- X, Y, q, P, - F,{x, Y, q, P; x, Y, < Cie 
where 



F^{x, Y, q, P- X, Y,0=J2 ^(^J' ^' ^' - - ^i+i' " ^^+1) 

j=i 3=1 

Now let us for typographical convenience revert to {x,y,q,p) notation 
instead of {x, Y, q, P). Let the generating function associated to be given 

by 

Fkix,y,q,p;0 

We thus have according to proposition 14.111 a function hk{y,q,p) and a 
cycle T{y,q,p) with the proper homology class such that 

Fk{y,q,p;'i^{y,q,p)) < hk{q,y,p) 
where hmk^^ hk{y,q,p) = h^{y,q,p). 

Moreover T{y,q,p) may be allowed to depend continuously on {y,q,p) 
provide we allow the weaker inequality 

Fk{y,q,P; Tj{y,q,p)) < hk{q,y,p) + aXj{q,p) 

where now Xj is supported on W^, a 6 neighbourhood of a grid in the 
variables. Note that we used proposition 14.111 in order to get rid of the 
y dependence of x- 
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Then 

1 ^ 

Fkiix, y, q, p; x,y,i) = - S^ Fkixj, yj, q, p, ^j) - {yj - yj+i, Xj - Xj+x) 

j=i 

will satisfy on 

Tm = {{xj,yj,q,p,Q I {xj,Q e Tj{yj,q,p)} 
the inequality 

Fke{x,y,q,p;x,y,^) < 
1 ^ a 

J hk{y, q,p) + jxM.v) - {xj - Xj+i, yj - yj+i) 
i=i 

As before we choose the Xj so that the intersection of 2m + 2 supports 
supp(xi) is empty. 

Thus Fk£ is bounded by the generating function of hk{y, q,p) plus |. We 
therefore get for all a, that 

c(/i, ^^la) < c(/i, ^^a) + e 
Finally, we may conclude the proof of theorem 13.41 as in the standard case. 



7 Proof of proposition 13.6 



We shall limit ourselves to the case where homogenization is done on all 
variables. 

Now according to |Huj . if mi,M2 are given by c(l(g),Li) and c{l{q), L2), 
we have 

|c(l(g),Li)-c(l(g),L2)| < 7(^1,^2) 
Thus if Li = v?i(A) and L2 = <f2{A.), we have 

In our case, L = ip\, L = Tp^, we get 

\uk{t,q) -u{t,q)\ < 7(<^1^"*) 



Now we have according to the computation of lemma 14.91 that 
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Taking the supremum over t in [0, 1], we get 

sup liVkV'^) < k sup 7(<^fc^"*) 
te[o,k] ie[o,i] 

thus imphying our estimate. 

8 Non compact-supported Hamiltonians and 
the time dependent case 

8.1 The coercive case 

Assume first that H{q,p) is not compact supported, and that H is coercive, 
that is 

hm H{q,p) = +oo 
Then let x • ^ be a truncation function, that is 

(1) X is supported in [—2^4, 2A] 

(2) x = lon [-A,A] 

We then consider x{\p\)H{q,p) = K{q,p), and denote by y?* the flow of 
H, the flow of K. Since ^9* preserves H, we have that if a(c),6(c) are 
defined by 

PF'^W = I \p\ < a(A)} C {iq,p)H{q,p) < A} C | \p\ < 6(A)} = W'^^^ 

Then sends W^^^ into ly''^^) thus, for A > 6(A), we have ip* = ip\ 
Since pk preserves W^, we get that Lp\ = p'^^Lp'^^pk sends also W"''^^'^ into 
py''^^) and moreover coincides with Lp\. on W^^^^ 

The conclusion is given by the following result due to |Huj 

Lemma 8.1. Let (f^jipl ^'"'^ sequences of Hamiltonian flows Let U G V G 
Z such that for any t, ^{{U) C V, fKV) C Z ipHU) C V and i~p\. = ^pj, on 

V . Then if •y — limfe^oo = ^'^^ 7 ~ linifc^oo i^l — have 
on U . 
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Proof. Indeed yj^o^/;^ *(f/) c W hence [ipl o 7/)^ *) = Idu Now we claim that 
if a sequence pk such that {pk)\u = Wf/ having 7-hmit p, then p^^ = Idu. 
Indeed this follows from [Hu] section 4.2. □ 

As a result, taking c(A) = a{b{X)), we get that U = W''^^\V = W^^^\ Z = 
^/c{\) ^ ^Yie assumptions of the lemma are satisfied, hence the restriction of ip 
to U is independent from the choice of x- 

Note that the condition that ip =Tp^ on U only implies that the gener- 
ating Hamiltonians H, K differ by a constant. 

Applying this to and X2(bl) we get that 

Definition 8.2. Let if be a Hamiltonian such that 

lim H{q,p) = +00 

IpI^oo 

Then we denote by if the Hamiltonian equal to the common value of the 
for A going to infinity. 

Thus any autonomous proper Hamiltonian can be homogenized. 

Proposition 8.3. The map A from 'Ham{T*T'^) to C'^(M") extends to a map 

defined on the set of coercive Hamiltonians, i.e. such that\im\p\ ,+00 H{q,p) = 

+00 

Consider now a 1-periodic Hamiltonian H{t,q,p) on T*T^ and consider 
the Hamiltonian K{t,T,q,p) = r + H{t,q,p). This new Hamiltonian is 
not compact supported, but, considering the function x as defined above, 
K^(t, T, q,p) = %(''")(''" + H(t, q,p)) is compact supported. 

The same argument as above show that can be homogenized, and the 
limit is of the form r + H{p) on |r| < A. 

Remark 8.4. Note that we may also use the distance 7 defined by 

7(v9,2(i) = sup{7(v9(L),L) \ L e C} 

and we may also define the weak limit as (f = lim^ yj^ if and only if for any 
L in £ we have 

lim7((^fc(L),(^(L)) = 

k 

We may now consider applications of the non compact situation to homog- 
enization for Hamilton- Jacobi equations. Indeed, let us consider a Hamilto- 
nian H{t, q, p) and a function / of class C^, and 9?* its flow. Since the graph of 
df is bounded, we may truncate if, in such a way that ip^{Vj_f) is unchanged. 
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Thus H is now compact supported, and we get a function Uf{t,x), and we 
get that the solution Uf^kit^x) of 



{HJk) 



Uk{^,q) = f{q) 
converges to the solution % of 



§-^Uk{t,q) + H{kt,kq, £uk{t,q)) = 



^ ' I u{Q,q) = f{q) 

If / is only C^, we need to consider a sequence fi, converging to /. Since 
Lemma 8.5. 



\uf-Ug\co <\f -g\ 
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Proof. Indeed, let ^' be a Hamiltonian diffeomorphism of T*N such that 
^'(A/) = Ag, where A/ = {{x,df{x)) \ x G N}, and such that 7(^') < 

Then the function Uf is obtained as c(l(x), (/7*(A/)), and we have 



|c(l(x),(^*(A^)) -c(l(x),vp*(A,))| = |c(l(x),(^*(A^)) -c(l(x),(^**(A^))| < 
\c{l{x),<p\Af) - ^**(A^))| < |c(l(x), A^ - *(A^))| < 7(A/,*(A/)) < 

= \f-9\c0 

□ 

8.2 The non coercive case 

Assume for example that 

H{xi,X2,Pl,P2) = h{pi,p2) 

outside a compact set. Notice that the Poisson brackets, {H,pi} = {H,p2} — 
outside a compact set, therefore + |p2p} = outside a compact 

set. The flow (p^ of H will then remain inside a bounded domain W'^ for A 
large enough. We may then use the same truncation method as above, and 
infer that we may homogenize H: 

Proposition 8.6. Let H{xi,X2,Pi,P2) = h{p) outside a compact set. Then 
we have a homogenization operator A with the same properties as in the 
compact supported case. 
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Corollary 8.7. Assume is a variational solution of Hamilton- J acobi equa- 
tion {HJ}.). Then the sequence Uk converges uniformly to u solution of {HJ). 

Remark 8.8. By an approximation method, this will work for any hamiltonian 
such that 

hm \H{q,p)-h{p)\^Q 

|p|->oo 



9 Homogenization in the p variable 
9.1 Partial Legendre transform 

Let A be some Lagrangian submanifold Hamiltonianly isotopic to the diago- 
nal in T*(T") X r*r". 

We may consider A as a graph over the diagonal: it has a G. F.Q.I, of the 
form S[q, P, so that 



A = {{q, P-^iq,P,0,Q + ^(?, P, 0, P) I P) e T*T-} 

But we may consider A as a Lagrangian in T*[T'^ x T") and as such, it 
may have a G. F.Q.I, in the (g, Q) variables, that is 

OF dF 

L = {{q,—^iq,Q,v),Q,QQiq,Q,v)) I (g,g) eT"xT"} 

where T'^ x T" is the covering of x such that q - Q is defined in 

R". 

We may say that S and F are Legendre dual to each other. Note that 
while in the case without fibre variables, Legendre duality is a map, here it 
is only a correspondence, since the G. F.Q.I, are not unique. If F is a convex 
function in Q, we have 

S{q, P) = sup{(p, Q) - Fiq, Q)\Q-qeW'} 

Note that the use of F is more convenient when we must find a generating 
function of (p{L). Indeed, if SL{q,^) is a G. F.Q.I, for L, then 

S^(L){Q: q, V) = SL{q, + F{q, Q, 77) 

is a G.F.Q.I. for (p{L). 

Let us consider the sequence H{x, k • p). Its flow is given by 
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where (Tki,(liP) = {Q,k-p). 

Note that here (7^ is a bona fide map on T*T'^, so that we do not have to 
invoke covering arguments. Since Uk satisfies cr^o; = we get, that 

There is a priori no hmit for the sequence a^^ip'^^ak- indeed if is the 
fiow of H{p), a'l^^ip^^ak will be the fiow of H{kp). However let us write 
^{k-x,l), then 

Now 
thus 

7 ((T-fe"VlT-fc)(rfc-'^-Vfc)) = 7irk\^k¥~')rk) = 7(<^1^"*) < £kt 

Now since r^ ^Tp^Tk is generated by H{k ■ p), we do not get a limit for 
k ■ p) but we get: 

Proposition 9.1. 

lim ^{H{x,k ■p),H{k ■ p)) = lim ^{tl^llp'^) = 

fe— >oo fc— >oo 

In spite of the fact that H(k • p) has no limit as k goes to infinity, this 
has a number of applications. 

First, let us consider the standard parabolic Hamilton- Jacobi equations 

f^uit,q) + H{q,-g^u{t,q))^0 
Set Uk{t, q) = \u{k ■ t,k ■ x), then Uk satisfies the equation 



§-^Uk{t,q) + H{kq, £u{t,q)) = 



Uk{0:q) = -kf{kq) 
and since H{kq, p) converges to H, we get that 



lim Uk{t,q) = u{t,q) 

fe— ►oo 
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that is 

u{t,q) ~ ku{-,-) 

where u{t, q) is solution of 

\ M(0,g) =0 
Since the solution is given by 

u(t, q) = -tH{0) 

we get 

u{kt, kq) = -ktH{0) + kvk{t, q) 

where Vk goes to zero with /c, since so does 'j{H{kq,p), H) and the initial 
condition is of the order ^ . 
In other words, 

u{t,q) = -tH{0) + w{t,q) 

where w is bounded. 

The sequences of Hamilton- Jacobi equations 
(HJk) §-^u{t,q) + H{kq,-g-Xt,q)) = 



{H4) ^^u{t,q) + H{q,k£u{t,q)) = 

We shall assume H is smooth for simplicity. Note that if we set Uk{t, x) = 
ffc(t, kx), then if is a solution of (HJ'i.), we have that is a solution of 
{HJ'j^). Indeed, let be the geometric solution for (HJ^), then the image 
of Lfc by the map 

{t,T,q,p) — > {t,T,-,kp) 

is a geometric solution for {HJ'f}). Note that if the initial condition for is 
given by /(x), then the initial condition for Uk is given by f{kx). However 
if Wk is a variational solution for {HJ'^^ with initial condition g{x), then, 
according to lemma 18. 5[ 

\wk{t,x) - Uk{t,x)\ < sup \g{x) - f{kx)\ < \\g - fk\\ < \\g\\ + ||/|| 
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Now 

\Uk(t,x) -U{t,x)\ < £kt 

so that Vk{t, kx) is approximated by u{t,x). In other words, 

X 

Vk{t,x) ^u{t,-) + o{l) 

Thus 

\vk(t,x)+tH(0)\ < \u(t,^)+tH(0)\ + \uk(t,^)-u(t,^)\ <o(t)+Skt 

Urn -vi{t,x) = -H{0) 

t— >oo t 



Proposition 9.2. Let u be a variational solution of 
(HJ) 



§-^u{t,q) + H{q, 9_u(t,q)) = 



then 

hm -u{t, q) = -H{0) 

t—*oo t 



9.2 Connection with Mather a function 

The a function has been defined by Mather for a Lagrangian L{x, ^) as 



a{p) = hm inf <; / L{t, q{t), q{t))dt - {p, Xi - Xq) \ q{0) = Xq, q{T) = Xi 



T^ooT 

As a special case, we may show 

Proposition 9.3. Let H be the Legendre dual of the Lagrangian L, i.e. H 
is strictly convex in p and 

L{t,x,C) =sup{(p,^) -H{t,q,p)}. 

Then 

Hip) = ^lim inf |i ^ L{t, q{t), q{t))dt - (p, x, - Xo) \ g(0) = Xq, q{T) = x. 
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Proof. It is enough to consider the case p = 0. Then let 
Vt^{q: [0, 1] ^ M I q{0) = Xo} 
and TT : Vt — ^ M the map q i— > Let 

Et{q) = / L{q{ts),tq{ts))ds 
Jo 

defined on P, and consider Et as a G. F.Q.I. . We shall write (xi, g)to remind 
the reader that 7r{q) — q{t) — Xi. 
Now 



DEt{x,,q) 



dq{ts)ds+ 



^{q{ts),tq{ts)) - ^^^(q(ts),tq{ts)) 
— {q{t)Mmq{t)-^{q{Q)Mmm 

Setting 

dL 

p{t)^-^{q{t),tq{t)) 

we get {xi, Ig-) = {xi,pi) = (p\xo,0). Therefore Et is a G.F.Q.I. of (^*(Ojv). 
and since 

inf{£;t(x, g) I g e P, q{l) = x} = c(l(x), = UL,t{x) 
is a geometric solution of HJ, we have, as proved in 

lim luL,t{x) = -H{0) 

□ 



10 Some examples and applications 

10.1 Homogenization of H{t,q,p) in the variable t 

Applying the above in the case of partial homogenization, we see that we may 
associate to a time-periodic Hamiltonian H{t, q,p) an autonomous Hamilto- 
nian H{q,p). However, this is nothing else than 



H{q,p) = ^J^ H{t,q,p)dt 
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Indeed, if H{kt,q,p) has flow (p\, we have 

hm = ^* 

k—foo 

in the topology, where Tp^ is the flow of 

T 

XH{t,q,p)dt = Xjj{q,p) 

by the fundamental theorem of classical averaging. Since C° limit implies 7 
convergence, we get our claim. 




10.2 The one dimensional case: \\p\^ — V{x) 

In |L-P- V] ■ the case H{q,p) = \\p\'^ — V{x) is exphcitly dealt with, in the case 
V is bounded from below. We shall see here that this follows immediately 



from property (2) of theorem 13.21 Indeed, we have, assuming \^ > is 
one-periodic 



H{p) = if \p\ < J^{V{x)y/'^dx 

H{p) = A where A solves \p\ = iV{x) + A)^^^ dx if \p\ > VV{x)dx 



Indeed, this follows immediately from theorem 13.21 property (3) 
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10.3 Some computations 




Figure 2: The red set is the complement of the support of the Hamiltonian 
H{q,p). 



2 

1 
-1 

-2 




Figure 3: The red set is the complement of the support of the Hamiltonian 
H{kq,p). 



We let if be a Hamiltonian vanishing on the complement of the red set in 
figure 2, and equal to one in the complement. We claim that H{p) for p in 
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[-2,2]. 

Indeed, we see that a clever path in the labyrinth of figure 3 will have 
any possible Liouville form. Thus, we have L ^ Cp contained in Hk = 1 for 
any p in [—1, 1]. As a result, H{p) > 1 for any p in [—1, 1]. Since obviously, 
hIp) = 1 for |j9| G [1,2], we get H{p) = 1 on [-2,2] while H{p) = for 

bl > 2. 

Remark 10.1. This example can be easily adpated to get Homogenized Hamil- 
tonians taking more than two values. 

10.4 Homogenized metric and the Thurston-Gromov 
norm 

First consider the case where H generates the geodesic fiow of g, even though, 
since H{q,p) = \p\'^, H is not compact supported (but we shall prove that 
it may be extended to this setting). Then Hk generates the geodesic fiow of 
the rescaled metric by the covering map 

rpn ^ rj-^n 

q — ^ kq 

of degree /c". 

It is well known that if d is the distance defined by g (i.e. d{x, y) is the 
length of the shortest geodesic for g connecting x to y) and dk the one defined 
by gk (corresponding to Hk), we have 

dk{x,y) = ^d{kx, ky) 

and 

lim dk{x,y) = d{x,y) 

where d is the metric associated to some fiat Finsler metric 'g. It is well 
known that gk does not converge to g in any reasonable sense, except for the 
convergence of minimizers of the associated energy functional 

m= tm)\idt 

Jo 

This is connected to the notion of F-convergence (cf. [Dal Mj . [Br]). In 
particular we easily see that the length for dk of the shortest closed geodesic 
in the homotopy class a (in Z"), £k{oi), converges to the length for d of the 
shortest closed geodesic in the homotopy class a,i{a). 
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Indeed, 

4(a) = mf{dk{x, X + a) \ X e M"} 

and since dk{x,x + a) converges uniformly to d{x,x + a), and x needs only 
to vary in a fundamental domain of the covering of the torus by M", we get 
that 

lim 4(a) = iia) . 

j-++oo 

Now it is well known that in the class a there is a second closed geodesic, 
obtained by a min max procedure. If we denote by 

4(a,/3) = M {sup{dk{x{t), x{t) + a) \ t e [0,1]} | [x{t)] = /3 in 7ri(T")}. 

and similarly for Z(a,/5), do we have 

lim 4(a,/?) = £(«,/?)? 

The methods of our theorem imply a positive answer, since 

Note that the analogous statement cannot hold for the whole length spec- 
trum of Qk (i.e. the set of lengths of closed geodesies), as it is easy to construct 
examples for which the length spectrum of Qk becomes dense as k goes to 
infinity i.e. for any A G IR+ and 5 > there is ko in N such that for all k > ko, 
Spec (gk) n [A - 5, A + 5] 7^ 0. 

11 Further questions 

We could try to compare the homogenization point of view withe the KAM 
point of view: consider the Hamiltonian Hq{p) + eHi{q,p) = Hs{q,p). The 
question is to compute the symplectic homogenization of H^. 

As was pointed out by Sergei Kuksin, the type of homogenization or av- 
eraging described here is a kind of "dequantized averaging" , in the sense that 
usual homogenization is concerned with the limit of the "quantized Hamil- 
tonian", H{-,Dx) as e goes to zero. Here we deal directly with H{-,p) the 
"classical Hamiltonian" . It is natural to ask whether in the framework of the 
above section, the laplacian associated to the homogenized metrics converges 
to some operator. This is true according to F-convergence classical results 
([Br]), the limiting operator is Aqq. But this is not the Laplacian of the 
metric 5^00- First of all Qoo is not riemannian, but only Finslerian. Moreover, 
it seems that Qoo detects changes in the metric on small sets: typically a 
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three torus with a metric made small along three lines in three orthogonal 
directions will have a much smaller than one without such "short direc- 
tions". But the Laplacian does not detect this, since the Brownian motion 
will not see such lines. So the only reasonable question is whether the metric 

Qoo determines the Laplacian Aoo. 

One may ask a more general question, that is 

Question 11.1. Assume H^, converges to H for the c-topology. Does the 
spectrum of the operators H^{x, D^) converge to the spectrum of H{x, -Da,)? 

Finally in a publication in preparation, we shall explain the connection 
between the above homogenization and the self-tuning of oscillators. 



Appendix A: Capacity of completely integrable 
systems 

Let (p^ be the time on flow associated to the Hamiltonian h{p) defined on 
T*T". Our goal is to prove the following 

Proposition A.l. 

c+((^i) = sup/i , c_((^i) = inf/i 
p p 

osc/i = 7(971) 
p 

Proof. Set (p*{q,p) — iQtiQ,p), Pt{Q,p)), then the graph of ipt defines a La- 
grangian submanifold in T*{T"'xW^) as the image of {9, r) {^^^^ , , r— 
Rti Qt — q)- Note that even though Qt is in T", Qt — q has a unique deter- 
mination in i?" which is continuous in t and equals for t = 0. The same 
argument allows us to define — q + ^y^- 



Moreover, if we set x = S±^ ^ y = Et^ ^^ = p — p^^^ = Q^ — t;he 
symplectic form is given by A dx + drj A dy. In our case, where (ft is the 
flow of a "standard" integrable system, we have 

Xt ^ q+ ^h'(p) yt^P 6 = 77t = h'(p) 
Thus if we set ft{x, y) = t h{y), we have 
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that is ft is a generating function of Tt with no "fibre variables". It is then 
easy to see that 



C+(<^i) 



c-{(pt) = inf/i 



sup ft - inf ft 



Since fi{x,y) = h{y) this proves our proposition. 



□ 
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